Abstract. We show that an irreducible component of the Hodge locus of a polarizable variation of Hodge structure of weight 0 on a smooth complex variety X is defined over an algebraically closed subfield k of finite transcendence degree if X is defined over k and the component contains a k-rational point. We also prove a similar assertion for the Hodge locus inside the Hodge bundle if the Hodge bundle together with the connection is defined over k. This is closely related with the theory of absolute Hodge classes. The proof uses the spread of the Hodge locus, and is quite similar to the case of the zero locus of an admissible normal function.
Introduction
Let k be an algebraically closed subfield of C with finite transcendence degree. Let X be a smooth complex algebraic variety defined over k. Let H be a polarizable variation of Z-Hodge structure of weight 0 on X with underlying Z-local system H Z torsion-free. Let Hdg X (H) ⊂ X denote the union of the Hodge loci of all local sections of H Z . It is a countable union of closed algebraic subvarieties of X by Cattani, Deligne, and Kaplan [CaDeKa] . In this paper we prove the following. Theorem 1. Let Z be an irreducible component of Hdg X (H). If Z contains a k-rational point z 0 of X, then Z is defined over k as a closed subvariety of X.
The argument is essentially the same as in the case of the zero locus of an admissible normal function [Sa3] , where the spread of closed subvarieties is used in an essential way.
Let V be the algebraic Hodge bundle over X associated to H such that the associated algebraic connection ∇ : O X (V ) → Ω 1 X ⊗ O X O X (V ) has regular singularities at infinity, where O X (V ) is the sheaf of local sections of V (see [De1] ). The last condition is satisfied in the geometric case as is well-known, where the Hodge bundle is given by the relative de Rham cohomology sheaves and the connection by the Gauss-Manin connection. (Note that the algebraic structure on V cannot be obtained correctly without using this regular singularity at infinity.) In this paper we also consider the Hodge locus Hdg V (H) insider V , which is used in the theory of absolute Hodge (de Rham cohomology) classes, see [De4] , [ChSch] , [Vo2] . It is a countable union of closed algebraic subvarieties of V by [CaDeKa] .
Theorem 2. Assume the Hodge bundle V and the connection ∇ are defined over k. Then an irreducible component Y of Hdg V (H) is defined over k as a closed subvariety of V if it contains a k-rational point y 0 of V .
The assumption on the Hodge bundle and the connection is satisfied if these are associated with a smooth projective morphism of complex algebraic varieties f : Y → X defined over k, where H Z := R 2m f * Z Y (m)/torsion, see [De2] for the Tate twist (m). (Without this Tate twist, the Hodge locus in V cannot be defined over k unless 2πi ∈ k. This is related with the notion of weakly absolute Hodge class in [Vo2] .) It seems rather difficult to extend Theorems 1 and 2 to the case where "an irreducible component" is replaced with "a connected component" in the statements.
Let k 0 ⊂ k be a finitely generated subfield such that X is defined over k 0 . For Z in Theorem 1, let k Z ⊃ k 0 be the minimal field of definition of Z ⊂ X over k 0 , see [Gro3, Cor. 4.8.11] . Let S ac (Z) denote the set of algebraically closed subfields K ⊂ C such that K ⊃ k 0 and Z has a K-rational point. It has a partial ordering by inclusion. We define similarly k Y and S ac (Y ) for Y in Theorem 2. Combining Theorems 1 and 2 with [Gro3, Cor. 4.8 .11], we get the following. Theorem 3. In the above notation, there is the minimal element of S ac (Z), and it coincides with the algebraic closure k Z of k Z . A similar assertion holds for S ac (Y ) and k Y if the hypothesis of Theorem 2 is satisfied.
If we define S f g (Z), S f g (Y ) by using finitely generated subfields instead of algebraically closed subfields in the definition of S ac (Z), S ac (Y ), then the assertion of Theorem 3 holds
, provided that we consider everything modulo finite extensions (that is, K and
Theorem 2 is closely related with the theory of absolute Hodge classes (see [De4] , [Ja] , [ChSch] , [Vo2] ). In this paper we consider only de Rham cohomology classes as in [ChSch] , [Vo2] (and not so-called adelic cohomology classes as in [De4] ). Assume f : Y → X is defined over k 0 = Q so that V is also defined over Q. (Here X is not necessarily connected, since a Q-variety X Q satisfying X = X Q × Spec Q Spec C is not necessarily absolutely irreducible.) Let V (Q) denote the set of Q-rational points of V . Set
, and Z(α, Q) ⊂ V be the closure of α in the Q-Zariski topology. Let Y (α) be an irreducible component of Hdg V (H) passing through α. From Theorem 2 we can deduce the following. Corollary 1. In the above notation the following three conditions are equivalent :
It is conjectured that these equivalent three conditions always hold in the situation of Corollary 1. (In fact, if the Hodge conjecture is true, then the conditions in Corollaries 1 and 2 would always hold, see [Vo2] and also Remarks (2.3) and (3.6)(iv) below.) We have furthermore the following corollaries which are closely related with results in [Vo2] .
Corollary 2. If the equivalent three conditions in Corollary 1 are satisfied, then the following three conditions are equivalent :
′′ α is absolutely Hodge.
Corollary 3. Assume x 0 is a Q-generic point of X. Then we have the equivalences
Moreover, if these equivalent conditions are satisfied, then (c) Y (α) is finiteétale over X.
Note that condition (b)
′ logically contains condition (a) ′ , and Y (α) σ for σ ∈ Gal(Q/Q) in condition (b) is meaningful only under condition (a). Here Y (α) σ denotes the image of Y (α) by the contravariant (or right) action of σ ∈ Gal(Q/Q) (which is the inverse of the usual action so that (Y (α)
implies that Y (α) σ depends only on the image of σ in Gal(Q/Q). Moreover we can take σ from G α \G with G α ⊂ G := Gal(Q/Q) the stabilizer of Y (α), and G α \G is finite. Note that the subgroup G α ⊂ G corresponds to the smallest number field k Y (α) ⊂ Q such that Y (α) is defined over k Y (α) (by using the functoriality of the Galois descent). In condition (b) ′ , we can similarly take σ from H β \G with H β ⊂ G the stabilizer of β, and H β \G is finite.
The implication (a) + (b) =⇒ (b) ′′ is closely related to Principle B in [De4] (see also [ChSch] for the de Rham cohomology class version) in case condition (c) is satisfied. In fact, it is also possible to reduce the implication (a) + (b) =⇒ (b) ′′ to Principle B by using the base change under a certainétale morphism defined over Q in this case (where Theorem 2 is used), see Remark (3.6)(i) below.
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In Section 1 we review some basic facts from the theories of variations of Hodge structure and algebraic fundamental groups. In Section 2 we prove the main theorems. In Section 3 we explain the relation with the theory of absolute Hodge classes. Conventions. In this paper, a variety means a separated scheme of finite type over a field of characteristic 0 although we consider only its closed points. So it is a variety in a classical sense, although it can be reducible or non-reduced in general. However, we need only reduced varieties in this paper (since no non-reduced varieties appear), and the reader may assume that the varieties in this paper are reduced.
For a complex algebraic variety X, we use the classical topology for the constant sheaf Z X , and the Zariski topology for the structure sheaf O X .
We say that a complex algebraic variety X is defined over a subfield k of C, if there is a variety X k over k together with an isomorphism X = X k × Spec k Spec C. If k is a subfield of finite transcendence degree, then C is sometimes viewed as a universal domain in the sense of [We] .
Preliminaries
In this section we review some basic facts from the theories of variations of Hodge structure and algebraic fundamental groups.
1.1. Variations of Hodge structure on singular varieties. Let Y be a complex algebraic variety. Let L be a torsion-free Z-local system on Y an , and This is reduced to the Y nonsingular case, where the assertion is well-known. More precisely, it is due to P. Griffiths [Gri, Theorem 7 .1] in the Y complete case, and P. Deligne [De2, Corollary 4.1.2] in the H geometric case. In general, the assertion can be shown by using the existence of a canonical mixed Hodge structure on H 0 (Y, H) together with the property that the restriction morphism H 0 (Y, H) → H y is a morphism of mixed Hodge structure for any y ∈ Y , see [Zu] for the Y curve case (where the last property does not seem to be stated explicitly) and [Sa1] in general. For the proof of (1.1.1), the result in [Zu] may be enough since the assertion can be reduced to the curve case (provided that the reader can verify the above property by himself where he must at least understand the definition of L 2 complexes in the Poincaré metric).
1.2. Invariance of geometric fundamental groups by base changes. Let X k be an algebraic variety over an algebraically closed subfield k of C, and X be the base change of X k by k ֒→ C. There is a canonical isomorphism between the algebraic fundamental groups of X k and X (see for instance [NaTaMo] ). This assertion follows from the theory of Grothendieck on algebraic fundamental groups by using [Gro4, Exp. XIII, Prop. 4 .6], according to A. Tamagawa.
By the above invariance together with a well-known comparison theorem for topological and complex algebraic coverings [Gro4, Exp. XII, Cor. 5 .2], we get the following:
Let π : Y → X be a topological finite covering. If X has a structure of complex algebraic variety defined over k ⊂ C, then Y has a unique structure of complex algebraic variety defined over k which is compatible with the one on X via π. Remark 1.3. In the case X is smooth affine, it is rather easy to prove the last assertion except for the uniqueness of the structure over k. In fact, a complex algebraic covering π : Y → X can be obtained from an analytic one by applying GAGA to a normal variety which is finite over a smooth compactification of X. To get a structure of k-variety, consider a finiteétale morphism π ′ : Y → X × S of complex algebraic varieties defined over k such that its restriction over X × {s 0 } is isomorphic to π : Y → X, where S is a complex affine variety defined over k and s 0 is a k-generic point of S. We may assume that there is a relative smooth compactification of Y over S such that its boundary is a family of divisors with normal crossings over S (shrinking S if necessary). These are all defined over k. Then it is enough to restrict π ′ over X × {s} for some k-rational point s ∈ S.
Proofs of Theorems 1 and 2
In this section we prove the main theorems.
2.1. Proof of Theorem 1. The assertion is reduced to the X affine case by taking a k-affine open subset of X containing z 0 and by using the closure. Let Z o denote the smooth part of Z. There is a finiteétale morphism
which has everywhere type (0, 0). Here π Z o is finite by using the polarization restricted to the type (0, 0) part (on which the Weil operator is trivial), see [CaDeKa] .
The morphism π Z o can be extended to a finite morphism
This may be obtained, for instance, by considering a smooth variety which is proper over X and contains Z o as a dense open subvariety, and then using the Stein factorization (i.e., Spec of the the direct image of its structure sheaf, see [Ha] ).
Then η Z o is uniquely extended to a global section η Z of
and Z is analytic-locally irreducible by using the condition that Z is normal.
Since Z is affine and π Z is finite, we see that Z is also affine. So there is a closed embedding Z ֒→ C n , which implies a closed embedding
such that its composition with the projection pr 1 : X → X coincides with the composition of π Z with Z ֒→ X. Note that X and the projection pr 1 : X → X are defined over k. Moreover, we may assume that there is a k-rational point z 0 ∈ Z over z 0 by changing the affine coordinates of C n if necessary. (The above argument can be simplified slightly in case the vector bundle V of the variation of Hodge structure H is defined over k. In fact, X can be replaced with V which is trivialized by shrinking X, and it is unnecessary to assume Z to be normal as long as the section can be extended over Z.)
where S is a complex affine variety defined over k with s 0 ∈ S a k-generic point, and
(see for instance [Sa3] ). We have
Indeed, the left-hand side is defined over k and contains s 0 . There is a sufficiently small open neighborhood U of s 0 in classical topology such that η Z can be extended uniquely to a global section η Z U of
is the composition of the canonical morphisms Z U → X → X. This can be shown, for instance, by taking a desingularization of a partial compactification of Z S which is proper over S and is defined over k, where we assume that the total transform of the boundary is a divisor with simple normal crossings over S, see also [Sa3] . (Here it is also possible to apply the generic base change theorem in [De3] together with (1.1.1). One can also use a Whitney stratification defined over k, which may have been known to many people since long, see [Ma] , [Ve] , [Te] , [Li] , [Ar] , etc., although it seems more difficult to verify all the necessary arguments by oneself. Note that it is much easier to construct controlled vector fields in the normal crossing case than in the general singularity case.)
The restriction of η Z U to Z s has everywhere type (0, 0) for any s ∈ U by (1.1.1) and (2.1.2) (In fact, it is a global section of a polarizable variation of Hodge structure, and has type (0, 0) at z 0 .) This implies
since Z is a union of irreducible components of Hdg X (H), where the inclusion ⊂ is clear by (2.1.1). We then get
by considering the pull-backs of local defining functions of Z in X to Z S , which vanish on Z U ⊂ Z S . Since pr 1 ( Z S ) is defined over k, Theorem 1 is proved.
2.2. Proof of Theorem 2. Let Z and z 0 respectively denote the image of Y and y 0 in X. By [CaDeKa] , Y is finite over X, and Z is a closed subvariety of X. We first consider the case (2.2.1) Z is an irreducible component of Hdg X (H) ⊂ X.
(In general we may only have an inclusion of Z in an irreducible component of Hdg X (H), where it is unclear if Z is defined over k.) By (2.2.1) and Theorem 1, Z is defined over k. Take a desingularization ρ : Z ′ → Z defined over k. Set V Z := V × X Z, and similarly for V Z ′ . We have the commutative diagram
(This is non-trivial since only the lower half of the diagram is defined over k.)
Take a general curve C ⊂ Z defined over k and passing through z 0 := p(y 0 ). More precisely, this is given by an intersection of general hyperplane sections of Z defined over k and passing through z 0 . Then p −1 (C) ∩ Y is a curve passing through y 0 , since the induced morphism Y → Z is an isomorphism over its image analytic-locally on Y . Let C ′ be the proper transform of C in Z ′ . We see that the proper transform Y ′ of Y contains a k-rational point given by (y 0 , z
By replacing X, V , and Y respectively with Z ′ , V × X Z ′ , and Y ′ , the assertion is then reduced to the case
Here Y is identified with a multivalued section of H Z which has everywhere type (0, 0). In particular, it is nonsingular, and is finiteétale over X. Hence it is defined over k by the theory of Grothendieck on fundamental groups [Gro4] , see (1.2) above. We have to show moreover (2.2.3) the inclusion Y ֒→ V is defined over k.
For this we may assume that Y is a univalued section of H Z which has everywhere type (0, 0) on X, by using a commutative diagram as above. (More precisely, using the finité etale morphism π : Y → X defined over k, we replace X with Y , V with its base change by π, and Y with an irreducible component of its base change by π.)
where S ′ is a complex affine variety defined over k with s ′ 0 ∈ S ′ a k-generic point, and
(see for instance [Sa3] ). By the same argument as in the proof of (2.1.2), we have (2.2.5)
We show that there is a k-Zariski open subset 
′ . This implies that the finite morphism U ′′ → X × S ′ has degree 1 and
necessary). So it induces an isomorphism
We thus get a section η of O U ′ (V U ′ ) defined over k, where V U ′ → U ′ is the base change of V → X by the projection U ′ → X. We have the induced relative connection
Consider the zero locus of
. It is a Zariski-closed subset of U ′ , which is defined over k and contains X × {s ′ 0 }. Hence it coincides with U ′ . (This is shown by restricting to {x} × S ′ for any k-rational point x of X.) This implies that Y S ′ ,s ′ in (2.2.5) is contained in the image of a horizontal section of V → X for any s ′ ∈ S ′ (by shrinking S ′ if necessary). Then (2.2.5) implies that Y S ′ ,s ′ is contained in Y . So Theorem 2 is proved in case (2.2.1) is satisfied.
In case the image of Y in X is a proper subvariety of an irreducible component Z ′ of Hdg X (H), we can replace X with a desingularization of Z ′ , and H with its pull-back (by using the same argument as above where C is a general curve contained in the image of Y in X). Moreover, we can divide H by the maximal subvariation of Z-Hodge structure of type (0, 0) over X contained in H. Then we can proceed by induction on the rank of H. This finishes the proof of Theorem 2.
Remark 2.3. Condition (a) in Corollary 1 is satisfied if there is a subset Σ ⊂ Y (α) which is not contained in any countable union of proper closed subvarieties of Y (α) and such that the Hodge conjecture holds for any β ∈ Σ. In fact, for an irreducible component S of the Hilbert scheme of Y → X which has a flat family over it whose fibers are closed subschemes of codimension m in fibers of Y → X, we have the cycle map S → V over X, and the above condition implies that Y (α) coincides with the image of S × S ′ for certain two components S, S ′ , where the morphism is given by cl(ξ s ) − cl(ξ ′ s ′ ) for closed points s, s ′ of S, S ′ if we denote by ξ s the associated algebraic cycle over s, and similarly for ξ ′ s ′ . This assertion follows from the countability of the irreducible components of the Hilbert scheme (using the Hilbert polynomials as is well-known, see [Gro1] ). Then condition (a) holds since the Hilbert scheme of Y → X is isomorphic to the base change of that for Y k → X k . (The last property follows from the definition of Hilbert schemes using representable functors.) Here we also need the fact that the cycle map can be defined by using relative de Rham cohomology sheaves (or algebraic D-modules) so that it is compatible with the base change by k ֒→ C, see [Ja] , [Sa2] .
It is well-known that condition (b) ′′ in Corollary 2 is satisfied if the Hodge conjecture holds for α, see [De4] . (This can be verified by using a construction as in Remark (3.6)(ii) below).
Relation with absolute Hodge classes
In this section we explain the relation with the theory of absolute Hodge classes.
3.1. Corollaries 1, 2 and 3 can be generalized naturally to the case where Q is replaced by a finitely generated subfield k of C (so k is not algebraically closed in this section). Here "absolutely Hodge" means "absolutely Hodge over k"; that is, the image of a Hodge class by the action of any element of Aut(C/k) (instead of Aut(C) = Aut(C/Q)) is still a Hodge class. (Here k is countable. In fact, if k is countable, then k[x], k(x) and an algebraic closure of k are countable, where x is an algebraically independent variable.) Assume X, Y, V in Corollary 1 are base changes of X k , Y k , V k by k ֒→ C, and moreover
by restricting Y, V over an affine open subvariety of X defined over k. Here A k is a k-algebra of finite type, and B k = Sym
). We assume that X k is smooth over k. However, it is not necessarily absolutely irreducible, and X is not necessarily connected. Here X k is absolutely irreducible over [La] . So one can assume X connected if k can be replaced by k ′ which is a finite extension of k. (This non-connectivity of X is related to the existence of a variety Z over C which is not homeomorphic to Z σ for some σ ∈ Aut(C).)
Shrinking further X k if necessary, we have free generators v 1 , . . . , v r of M k over A k . They induce an isomorphism (k-Zariski-locally on X)
Assume furthermore A k = k[x 1 , . . . , x n ]/p, with p a prime ideal. Then X is identified with the zero locus of p in C n so that each morphism of k-algebras ψ :
The action of σ ∈ Aut(C/k) on V is expressed by
where ξ σ for ξ ∈ C denotes the contravariant (or right) action of σ defined by the inverse of the natural action of σ on C so that (ξ σ )
σ is a scheme which is isomorphic to Z as a scheme, but whose structure over Spec C is given by the composition with σ * : Spec C → Spec C. Hence Z σ in this paper means Z
This can be identified with
The value of the section η at ξ = (ξ 1 , . . . , ξ n ) ∈ X is identified with
Its image by the action of σ ∈ Aut(C/k) is given by
, then the image coincides with
and is still contained in the section η (as it should be since η is defined over k). This argument together with a construction in Remark (3.6)(ii) below can be used to show that an algebraic cycle class is absolutely Hodge. Let α ∈ V . This defines a prime ideal p α ⊂ B k as in [We] . However, Spec B k /p α is not necessarily absolutely irreducible. Let Z(α, k) denote the zero locus of p α in V . In other words, Z(α, k) is the closure of α in the k-Zariski topology of V . It is a finite union of irreducible closed subvarieties defined over the algebraic closure k of k in C, and we have (3.1.1) Gal(k/k) acts transitively on the set of irreducible components of Z(α, k).
Here the number of irreducible components of Z(α, k) is given by the extension degree [k α : k] with k α the algebraic closure of k in the field of fractions of B k /p α (by using the theory of regular extensions, see [La] ).
Let Z(α, k) ⊂ V denote the zero locus of the ideal of B k ⊗ k k associated with α. This is the smallest irreducible closed subvariety of V containing α and defined over k. In other words, Z(α, k) is the closure of α in the k-Zariski topology. We have moreover (3.1.2) Z(α, k) coincides with the irreducible component of Z(α, k) containing α.
Here the uniqueness of the component follows from a well-known assertion that the singular locus of Z(α, k) is defined over k. Note that, if G ′ α ⊂ Gal(k/k) denotes the stabilizer of Z(α, k), then the subgroup G ′ α corresponds to the finite extension k α ⊃ k, where k α is as in a remark after (3.1.1). Moreover this corresponding field k α coincides with the minimal field of definition of Z(α, k) in V by using the functoriality of the Galois descent (which we apply to a finite Galois extension of k α over which Z(α, k) is defined).
Let x 0 be the image of α in X. If this is a k-generic point of X, then it defines the zero ideal of A k , and Spec B k /p α is dominant over Spec A k . So we get
We have the following well-known assertion, which shows that it is actually enough to consider all the embeddings K ֒→ C (instead of all the automorphisms of C) over k in order to see whether α is absolutely Hodge over k, where K ⊂ C is a fixed subfield containing k and over which α is defined, see also [Vo2] , [ChSch] .
Proposition 3.2. The set of points of V which are conjugate to α by automorphisms of C over k is the complement in Z(α, k) of the countable union of all the proper closed subvarieties defined over k.
Proof. Each point β of Z(α, k) corresponds to a morphism of k-algebras
This is not necessarily injective. It holds if and only if β is not contained in any proper closed subvariety of Z(α, k) defined over k.
By the definition of p α , we have the injectivity of
and α σ ∈ V for σ ∈ Aut(C/k) corresponds to the composition
where σ −1 appears in order to get the contravariant action. Note that p α = p α σ since B k is a quotient of a polynomial ring over k.
Let K be the field of fractions of B k /p α . Proposition (3.2) is then reduced to the following well-known assertion: (3.2.1) For any two inclusions ψ a : K ֒→ C over k (a = 1, 2), there is σ ∈ Aut(C/k) with
(This can be shown by using the theory of transcendence bases.) This finishes the proof of Proposition (3.2).
We prove Corollaries 1, 2 and 3 with Q replaced by k, where "absolutely Hodge" means "absolutely Hodge over k". The reader may assume k = Q. ′′ holds, i.e., α is absolutely Hodge over k. By Proposition (3.2) we have
by using the fact that Hdg V (H) is locally a finite union of closed analytic subsets (since it is contained in the Z-lattice). Note that (3.4.1) follows from (b) ′′ without assuming (a). Combining (3.4.1) with condition (a) ′′ , we get condition (b) ′ .
′′ is contained in the vector subbundle corresponding to the Hodge filtration F 0 O X (V ) since the latter is defined over k. We have to show that Y (α) σ is also contained in the analytic subset of V corresponding to H Z . Here Y (α) σ can be identified with a flat section of V locally on X in k-étale topology by using the fact that the Gauss-Manin connection is defined over k. In fact, let Y (α) be the normalization of the k-closure of Y (α) in V , which is identified with the disjoint union
where the σ i are representatives of G α \G with G α ⊂ G := Gal(k/k) the stabilizer of Y (α), and d := |G α \G|. There is a canonicalétale morphism defined over k
which factors through
This defines a section η of the vector bundle
which is the base change of V → X by π. By definition the image of the section η in V coincides with i Y (α) σ i . This section η is flat, since it is defined over k and is flat over the connected component
where σ 1 = id. So we get the desired flatness of 
Hence Y (α) is finiteétale over X, and condition (c) holds. This implies that Y (α) is the unique irreducible component of Hdg V (H) containing α, and we get (3.5.1) Z(α, k) = Y (α).
So condition (a) ′′ also holds. Thus Corollary 3 is proved.
Remarks 3.6. (i) We can also prove the implication (b) ′ =⇒ (b) ′′ by using Principle B (see Remark (iii) below) where the base change by theétale morphism π : Y (α) → X as in (3.3) is also used. Here we need Theorem 2 to show that Y (α) is defined over k.
(ii) If α ∈ V is associated with an algebraic cycle and if the cycle is extended to a family of algebraic cycles over X defined over k, then it corresponds to an element of M k which corresponds to a section of V → X defined over k. The second condition is satisfied if we take a finitely generated k-subalgebra A ′ k of C over which Y x 0 and the cycles are defined, and if we replace f : Y → X by the family over Spec A ′ k ⊗ k C, see [Vo1] , [Sa2] . (Here Spec A ′ k is not necessarily absolutely irreducible, and Spec A ′ k ⊗ k C is not necessarily connected.) The latter construction can be used to show that an algebraic cycle class is absolutely Hodge.
(iii) Let f : Y → X and V be as in Corollary 1. Let η be a flat section of V defined on a connected component of X. Assume X k is irreducible. Then Principle B in [De4] , [ChSch] asserts that, if the value of η at one point is absolutely Hodge over k, then the value at any point is. This follows from the assertion (1.1.1) which is a consequence of the global invariant cycle theorem [De2] in this case. Indeed, (1.1.1) together with the assumption of Principle B implies that the image η σ of the section η by the action of σ ∈ Aut(C/k) has type (0, 0) at every point.
(iv) If there is a subset Σ ⊂ Y (α) which is not contained in any countable union of proper closed subvarieties of Y (α) and such that any β ∈ Σ is absolutely Hodge, then conditions (a) and (b) would hold in the notation of Corollaries 1 and 2, where Q is replaced with k as in (3.1). In fact, consider all the closed subvarieties of V defined over k and not entirely containing Y (α). These are countable, and there is β ∈ Σ which is not contained in any such varieties, and is not a singular point of Hdg V (H). Then the k-Zariski closure of β in V is contained in Y (α) and its images by the action of Gal(k/k) are contained in Hdg V (H), since β is absolutely Hodge over k. (Here the condition that β is a smooth point of Hdg V (H) implies that Y (α) is the only irreducible component containing it.) If this k-closure does not coincide with Y (α), then this contradicts the condition that β is not contained in any closed subvariety of V which is defined over k and does not contain entirely Y (α). So conditions (a) and (b) follow. (See also [Vo2] .)
